Revista Integracion
Escuela de Matematicas

Universidad Industrial de Santander ®
Vol. 39, N° 1, 2021, pag. 1-22 @ —

Mappings between dendroids (fans) that (does
not) preserve (non)contractibility

Jost G. ANAYA?, FELIX CAPULIN® B MONICA SANCHEZ-GARRIDO®

Universidad Auténoma del Estado de México, Facultad de Ciencias, Instituto
Literario 100. Col. Centro, C.P. 50000, Toluca, Estado de México, México.

Abstract. J. J. Charatonik formulated in 1991 the following problem: What
are all mappings that preserve contractibility (noncontractibility) of den-
droids? On the other hand, J. J. Charatonik, W. J. Charatonik, and S.
Miklos asked in 1990 the following questions (among others related to con-
tractibility): What kinds of confluent mappings preserve contractibility of
fans? And what kinds of confluent mappings preserve non contractibility of
fans?

In this paper, we will show some partial answers to these questions. Addition-
ally, we will consider these questions with other kinds of families of mappings.
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Funciones entre dendroides (abanicos) que (no) preservan
(no)contractibilidad

Resumen. J. J. Charatonik formul6 en 1991 el siguiente problema: ;Qué fun-
ciones preservan contractibilidad (no contractibilidad) de dendroides? Por
otro lado, J. J. Charatonik, W. J. Charatonik y S. Miklos en 1990 hicieron
las siguientes preguntas: ;Qué tipo de funciones confluentes preservan con-
tractibilidad de abanicos? y ;Qué tipo de funciones confluentes preservan no
contractibilidad de abanicos?

En este articulo daremos algunas respuestas parciales a estas preguntas. Adi-
cionalmente, consideramos estas preguntas con otras familias de funciones.
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Palabras clave: R'—continuo, funcién confluente, funcién fuertemente libre-
mente descomponible, funcién libremente descomponible, contractibilidad,
funcién T de Jones.

1. Preliminaries and auxiliary results

All spaces considered are metric and all mappings are assumed surjective and continuous.
A continuum means a nonempty compact connected metric space. A subcontinuum is a
continuum which is a subset of a space. A continuum is said to be hereditarily unicoherent
if the intersection of any two of its continua is connected. An arc is understood as a
homeomorphic image of a closed unit interval of the real line. For each z,y into a space,
we denote by zy any arc into a space joining x to y and we denote by Ty the straight
line segment into a space joining = to y. If any two points of a space can be joined by
an arc lying in it, then it is said to be arcwise connected.

A dendroid is defined as an arcwise connected and hereditarily unicoherent continuum.
A point p of a dendroid X is called a ramification point of X, if there exist three arcs
emanating from p in X, with the intersection of each two of them being just the singleton
{p}. A fan means a dendroid having exactly one ramification point, this point is called
its vertex.

The symbol N stands for the set of all positive integers. Let X be a topological space,
and {4, }nhen be a sequence of subsets of X.

— Li A, ={z € X: for each open subset U of X such that x € U, UN A, # 0 for all but
finitely many n}, is the limit inferior of the sequence {A, }nen-

— Ls A,={x € X: for each open subset U of X such that x € U, UN A, # 0 for
infinitely many}, is the limit superior of the sequence {A, }nen.

— Lim A,, = Li A,, = Ls A,, is the limit of the sequence {4, }nen. In this way, it is
said that the sequence {4, },en converges to the limit L =Lim A,.

The following concepts are related to contractility which will be used throughout this
paper.
A continuum X is said to be of type N provided there exist in X: two points p, ¢, an arc

A = pg; two sequences of arcs {A, bnen = {Pnpl, tnen and { By tnen = {@nd), }nen; and
points p!! € By, \ {qn,q,,} and ¢/, € A, \ {pn,p),} such that the following conditions are
satisfied:

1

2) p=lim p, = lim p), = lim p/’;

(1) A

(2)

(3) ¢ =lim ¢, = lim ¢/, = lim ¢//;

(4) each arc in X joining p,, and p), contains ¢//;
(5)

5) each arc in X joining ¢, and ¢/, contains p/..

[Revista Integracion



Mappings between dendroids (fans) that (does not) preserve (non)contractibility 3

A dendroid X contains a zig-zag provided there exist in X: an arc A with end points p and
q, and a sequence of arcs { A, } nen with end points p,, ¢,, and points pl, ¢t € A, \{pn,qn}
such that:

1. A= Lim A,,
2. p = lim p, = lim pl,
3. ¢ = lim ¢, = lim ¢},

4. pnql C pppl, for each n € N.

Note that each dendroid containing a zig-zag is of type N. The converse is not always
true, even on fans (see [5, Example 2.7]).

Let X be a continuum, and let A and B be nonempty compact subsets of X. A sub-
continuum C' of X is said to be irreducible between A and B provided that C N A # (),
C' N B # (), and no proper subcontinuum of C intersects both A and B.

A point p of a dendroid X is called a @Q-point if there is a sequence {p,}neny in X
converging to p such that Ls pp, # {p} and, if p,q, denotes the arc which is irreducible
between p,, and Ls pp,,, then the sequence {q, }nen converges to p.

Let X be a dendroid and r a point in X, suppose that there exist two sequences {r}, } .

{ ri}n en in X, both converging to r. The former sequence dominates the latter provided

that whenever there is a point s € X and a sequence {s}l} in X converging to the

neN
point s with the property that the sequence of arcs r. sl converges to the arc rs, then it
follows that there exists another sequence {S%}n ey in X converging to s such that the
sequence of arcs 7252 converges to the arc rs. A dendroid is said to be pairwise smooth
provided that whenever a pair of sequences converge to a common limit point, then one

of the pairs dominates the other.

Let X be a topological space, X is called contractible if there is a mapping H : X x[0,1] —
X such that H(z,0) = x for all z and H(x,1) = p for all z and some p € X. The following
internal characterization of contractibility of fans is due to L. G. Oversteegen (see [12,
Theorem 3.4, p. 393]).

Theorem 1.1. For a fan X, the following conditions are equivalent:

1. X is contractible;
2. X contains no Q—points, is not of type N and is pairwise smooth;

3. X contains no Q—points, contains no zig-zag and is pairwise smooth.

The following concepts are related to contractibility of continua too. A nonempty closed
subset (subcontinuum) K of a continuum X is called an:

1. R'—set (continuum), if there exist an open set U of X containing K and if {C} },.en
and {C?},en are two sequences of components of U such that K = Ls C1 N Ls C2.
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2. R?%-set (continuum), if there exist an open set U of X containing K and two se-
quences {C}},en and {C2},,en of components of U such that K = Lim C}: N Lim
2.

3. R3-set (continuum), if there exist an open set U of X containing K and a sequence
{Cy }nen of components of U such that K = Li C,,.

The following proposition was first shown for dendroids (see [8, Proposition 5, p.77; and,
Corollary 11, p.78]) but it holds for continua.

Proposition 1.2. If a continuum X contains an R'—continuum for some i € {1,2}, then
it contains an R>— continuum.

In fact, if X contains an R!'—continuum, then taking a subsequence if necessary, it
contains an R2—continuum, and each R?—continuum is both an R!—continuum and an
R3—continuum (see [7, 3.3, p.34]). For R'—sets (see [13, Theorem 2.3, Theorem 2.4 and
Corollary 2.5, p.310]).

The following result is well known (see [13, Corollary 3.3, p. 317], [8, Theorem 9, p. 78]).

Theorem 1.3. If a continuum X contains an R'—set (continuum) for i € {1,2,3}, then
X s not contractible.

In this paper, we will use the following kinds of mappings.
A mapping f : X — Y between continua is said to be:
— Monotone, if f=1 ({p}) is connected for each point p of Y.

— Almost monotone, if f~1(B) is connected for each subcontinuum B of Y with
nonempty interior.

— Quasi monotone, if for each subcontinuum B of Y with nonempty interior, f~* (B)
has a finite number of components and if D is a component of f~! (B), then f (D) = B.

— Confluent, provided that for each subcontinuum B of Y and each component C' of
f=1(B), f(C)=B.

— Weakly confluent, provided that for each subcontinuum B of Y there exists a com-
ponent C of f~1(B), such that f (C) = B.

— Freely decomposable, if whenever A and B are proper subcontinua of Y such that
Y = AUB, then there exist two proper subcontinua A and B of X such that X = A UB ,
where A' C f~1(A) and B C f~1(B).

— Strongly freely decomposable, if whenever A and B are proper subcontinua of Y such
that Y = AU B, then f~1(A) and f~!(B) are connected.

— Light, provided that f=1({z}) is totally disconnected for each z € Y.
— Open, provided that for any open subset U of X, f (U) is an open subset of Y.

We will use the following characterization for monotone mappings (see for instance [9,
Lemma 2.1.12, p. 74]).

Theorem 1.4. Let f: X — Y be a mapping between continua. Then, f is monotone if
and only if f~1(C) is connected for each connected subset C of Y.
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In the following diagram, we show the relationship among the above mappings.

Monotone Open
Strong Freely Almost Confluent
Decomposable Monotone
v v
Quasi Weakly Confluent
Freely Decomposable NMonoions
Figure 1.

Let M be a class of mappings between continua. A mapping f : X — Y is said to be
hereditarily M if the restriction to every subcontinuum of X belongs to M. Also, we will
use the following language. If a mapping f belongs to two different classes of mapping
M and M’, we say that f is a MM’ mapping. For instance, if the mapping f is light
and confluent, we say that f is a light confluent mapping.

The main goal of this paper is to show some partial answers to the following general
problems:

1. ([5, Problem 8.1, p.589]) What are all mappings that preserve contractibility (non-
contractibility) of dendroids?

2. Let X be a dendroid (fan). What kinds of mappings f defined on X have the
property that whether X contains an Ri-set (continuum) where i € {1,2, 3}, then
f(X) also contains an R'-set (continuum)?

Particular cases of these problems are given in the following questions:

Question 1.5 ([6, Question 13.10, p.72]). What kinds of confluent mappings preserve
contractibility of fans?

Question 1.6 ([6, Question 13.22, p.75]). What kinds of confluent mappings preserve
noncontractibility of fans?

Question 1.7 ([6, Question 13.24, p.76]). Let a fan (a dendroid) X be given. What con-
fluent mappings f defined on X have the property that if X contains an R'—continuum,
where i € {1,2,3}, then f(X) also contains an R’—continuum?

Question 1.8 ([6, Question 13.26, p.76]). Let a fan (dendroid) X be given. What confluent
mappings f defined on X have the property that if f(X) contains an R’—continuum,
where i € {1,2,3}, then X also contains an R’—continuum?
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This paper is divided into four sections. After preliminaries and auxiliaries results, in
Section 2, we discuss the questions formulated for R*—continua. In Section 3, we discuss
the behaviour of Q—points, zig-zag, and pairwise smooth under the above mappings.
Finally, in Section 4, we work with the function 7" and some classes of mappings.

2. R'—continua and mappings

Given a topological property P and a class M of mappings, we say that P is invariant
under mappings in M provided that for each mapping f: X — Y with f € M if X has
P then Y has P. Given a topological property P and a class M of mappings, we say that
P is coinvariant under mappings in M provided that for each mapping f : X — Y with
f e MifY has P, then X has P. Concerning Problem 1, we start our study mentioning
a known result for monotone mappings and R’—continua.

Example 2.1. Containing an R'—continuum for i € {1,2,3} is not invariant under
monotone mappings of fans, even all but one point inverses are degenerate (see [6, Ex-
ample 13.17, p.74] and [6, Corollary 13.23, p.75]). As a corollary, noncontractibility is
not invariant under monotone mappings between fans.

We have the following results.

Example 2.2. Containing an R'—continuum fori € {1,2,3} is not invariant under light
confluent and strongly freely decomposable mappings between fans.

Proof. Let X = Z; U Zy and Y be fans, where Z1 N Zy = {p} and Z;,Z5 and Y are
homeomorphic spaces to the continuum X described in [6, Example 11.16, p.53] (see
Figure 2). Consider a decomposition of X whose nondegenerate elements are obtained
identifying in a point any pair of the symmetric points with respect to the point p of the
arc rs. The mapping f : X — Y is the quotient mapping under this decomposition. The
mapping is light confluent and strongly freely decomposable, even f is almost monotone
mapping.

Note that {p} is an R’—continuum in X and Y contains no R’—continuum, i € {1, 2, 3}.
Unfortunately, by Theorem 1.1, the fan Y is not contractible. It is still open to find two
fans X and Y, and a confluent (light confluent, strongly freely decomposable, almost
monotone) mapping between them such that X contains an R‘—continuum and Y is
contractible. ]

Figure 2.
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Mappings between dendroids (fans) that (does not) preserve (non)contractibility 7

Example 2.3. Containing an R'—continuum for i € {1,2,3} is not invariant under light
open and quasi monotone mappings between dendroids.

Proof. Let p = (—1,0), 0 = (0,0), ¢ = (1,0). Put a, = (0, 1) and b, = (0, —1) for each
n € N. Let X =pqu U pay, U U gb,,. Consider the decomposition whose elements are

neN neN
obtained by identifying every point # € X with —z. The function f: X — f(X) =Y

is the quotient mapping under this decomposition. Note that f is light open and quasi
monotone mapping. On the other hand, the set {o} is an R’—continuum in X and Y

does not contain any R’—continuum, i € {1,2,3}. Even Y is contractible. v
X Y
an
f
Y q
7 >
bri
Figure 3.

Corollary 2.4. Noncontractibility is not invariant under light open and quasi monotone
mappings between dendroids.

Example 2.5. Containing an R'—continuum, i € {1,2,3}, is not invariant under light
open and quasi monotone mappings between fans.

Proof. Let X be the fan defined in Example 2.2 and let Y be a fan homeomorphic to the
fan described in [6, Example 11.16, p.53]. Let p = (0,0). We consider the decomposition
on X by identifying every point € X with —z (see Figure 4). The quotient mapping
f X — Y is the result of this identification. It is not difficult to prove that the mapping
f is light open and quasi monotone. The set {p} C X is an R'—continuum. However,
Y does not contain an R!—continuum for each i € {1,2,3}. Unfortunately, by Theorem
1.1, the fan Y is not contractible. It is still open to find two fans X and Y and an open
(quasi monotone) mapping between them such that X contains an R‘—continuum and
Y is contractible. ]

X Y

Figure 4.
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8 J. G. ANAYA, F. CAPULIN & M. SANCHEZ-GARRIDO

Example 2.6. Containing an R'— continuum fori € {1,2,3} is not invariant under freely
decomposable and weakly confluent mappings between dendroids.

Proof. Put o = (0,0), p = (-1,0), ¢ = (1,0), »r = (0,1), s = (0,—1) and let p, =
(_17_%% qn = (17%% Up = (_%a%)a Up = (%a%)a Wn = (%a_%% Zn = (_%a_%%
sn = (0,—-1— 1) and r, = (0,1 + ) for each n € N. Define X =pgU7s U U(mu
neN
UnTn U Tty U Tng,) U U (q, U Wn8, USnzy UZnpn) and let f @ X — Y be the
neN
mapping defined by f(x) = z if x € pgUTo U U (pu, U u,ry, U Tnt, UT,G,) and if
neN
r €0s5U U (qw,, Uw, 8, US,zn UZaDn), f(x) is the projection over the arc pg.
neN

So, Y = f(X) =orupgu U (PUp, Uty UT0 0y UTn G ). The set {o} is an R —continuum

neN
and Y does not contain an R'—continuum, i € {1,2,3}. Moreover, Y is contractible. &
r
X Y
n f

p q9 —>
Pn

Figure 5.

s

Corollary 2.7. Non contractibility is not invariant under freely decomposable and weakly
confluent mappings between dendroids.

Example 2.8. Containing an R'—continuum for i € {1,2,3} is not invariant under
strongly freely decomposable and weakly confluent mappings between fans.

Proof. To describe the continua X and Y, we consider the following points: o = (0,0),
p=(1,0) and ¢ = (2,0). Put p, = (1,2), pl, = (1,—1) and ¢, = (2, L) for each n € N.
Let X =oqU U (0G2n—1 U G2n—1D2n) U U opl,. To describe the mapping f : X — Y,
neN neN
let 0 <e < %’M(x) and let B={p!, : d(pl,,p) < €}. Then, f(z) =z if v ¢ U opl,
p, EB

and f(z) is the projection over the arc op if z € U opl,.
plLEB

Notice that f is a strongly freely decomposable mapping, the set {p} is an R‘—continuum
of X while Y does not contain an R‘—continuum for each i € {1,2,3}. Even f is almost
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Mappings between dendroids (fans) that (does not) preserve (non)contractibility 9

monotone and Y is contractible. Therefore, noncontractibilty is not invariant under
strongly freely decomposable, almost monotone and weakly confluent mappings between

fans. v
X qn Y
Pn
f
0 & —_—> .
b q p q
Ph
Figure 6.

On the other hand, in [6] the authors asked the following:

Question 2.9 ([6, Question 13.26, p.76]). Is the property of containing an R’—continuum,
1 € {1,2,3}, coinvariant under confluent mappings between fans (dendroids)?

We can ask a more general question as follows:

Question 2.10. What kinds of mappings satisfy that the property of containing an
R"—continuum is coinvariant between fans (dendroids)?

For this question, we consider the following classes of mappings: monotone, weakly
confluent, strongly freely decomposable, freely decomposable, almost monotone, and
quasi monotone.

It is known that containing an R—continuum for i € {1,2,3} is not coinvariant under
light confluent mappings of fans (see [6, Corollary 13.25, p.76]). The same corollary
shows that the contractibility is not invariant under light confluent mappings of fans.
The fans pictured in Figure 7 are the same as Figure 9 and Figure 10 in [6, p.71].

X// Y — f(X//)

f
%

Figure 7.

Example 2.11. Containing an R'— continuum for i € {1,2,3} is not coinvariant under
monotone mappings of dendroids.
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10 J. G. ANAYA, F. CAPULIN & M. SANCHEZ-GARRIDO

Proof. To define the dendroid X, we consider the following points: a = (0,0), b = (1,0),
c=(2,0)and d = (3,0). Let b, = (1, 1) and ¢, = (2,—21) for each n € N. Put X = adU

n

U ab, U U dc,,. Consider the decomposition of X whose only nondegenerate element
neN neN

is the arc be. Then, the mapping f is the quotient mapping under this decomposition,
and f(X) = Y is homeomorphic to the dendroid X in Figure 8. Observe that f is a
monotone mapping. Notice that {w} is an R‘—continuum of Y, for every i € {1,2,3}.
However, X is contractible. ]

X Y

\J
Y

Figure 8.

Example 2.12. Containing an R'— continuum for i € {1,2,3} is not coinvariant under
monotone mappings between fans.

Proof. In order to define the fan X, we consider the following points: a = (0,0), b = (1,0),
c=(2,0) and d = (3,0). For each n € N, let b, = (1,-1), ¢, = (2,2) and d, = (3, 2
Put X = ad U U ab, U U (ady U dncnyr).

neN neN
Consider the decomposition of X such that the only non degenerate is the arc bc. Then,
the mapping f is the quotient mapping under this decomposition, and f(X) is homeo-
morphic to the fan Y in Figure 9. Clearly f is a monotone mapping. Notice that the set

{p} is an R'—continuum of f(X) for i € {1,2,3}. However, X is contractible. 4
X Y
f
a b c d p
Figure 9.

Notice that in the previous two examples, for every proper open subset U of Y containing
two sequences {Cl},en and {C2}, ey of components satisfying that {z} = Ls Cin Ls
C2? C U, we have that Ls f~1(C1)n Ls f~%(C?) = 0. On the other hand, if we also
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Mappings between dendroids (fans) that (does not) preserve (non)contractibility 11

consider a sequence {Cy, }nen of components of U fulfilling that Li C,, = {z}, we have
that Li f~1(C,,) is not R3®—set (continuum) in X.

Now, with additional conditions, we have that containing an R’—set (continuum) for
i € {1,2,3} is coinvariant under monotone mappings between fans (dendroids).

The following lemma is a consequence of [10, 8.15, p.127].

Lemma 2.13. Let f : X — Y be a mapping between topological spaces. If C is a
component of D CY and E C X is a component of f~(C), then E is a component of

f7HD).

Lemma 2.14. Let X and Y be topological spaces and let f: X — Y be a mapping. If
{4, }nen is a sequence of subsets of Y, then:

1. Li f~'(An) C f7H( Li Ay).
2. Ls f~1(An) C f71( Ls Ay).
3. Lim f~1(A,) C f~1( Lim A,).

Proof. We will just prove the first proposition. The proof of the second one is similar.
The third one follows from 1. and 2. We will prove that if ¢ f~1( Li A,,), then = ¢
Li f~1(A,). So, there exists an open set of Y containing f(x) such that U N A,, = () for
infinitely many indices n € N. So, f~1(UNA,) = 0. Note that f~*(UNA,) = f~(U)N
f71(A,). Then, f~1(U) is an open set of X containing = such that f=(U)Nf~1(4,) =0
for infinitely many indices n € N. Hence, z ¢ Li f~1(4,). %

Proposition 2.15. Let X and Y be continua and let f : X — Y be a monotone mapping.
If Y contains a proper subcontinuum K and an open subset U containing two sequences
{C Y} en and {C2}nen of components of U such that K =Ls C!n Ls C2 C U, Li
FUCYHY £ 0, Li f~1(C?) # 0 and H =Ls f~(C})N Ls f~1(C?) # 0, then X has an
R'—set. If X is hereditarily unicoherent, then X contains an R'— continuum. Therefore,
X is not contractible.

Proof. Because f is a mapping, f~(U) is an open set of X. Since f is monotone and
by Lemma 2.13, we have that for every n € N, and i € {1,2}, the component C? of U,
satisfies that f~1(C?) is a component of f~1(U). Thus, we get sequences {f~1(C})}nen
and {f~1(C?)},en of components of f~1(U).

On the other hand, Lsf~!(Cl) and Lsf~!(C2) are subcontinua of X because of
Lif~%(CL) # 0, Lif ~1(C?) # 0. Notice that H is a closed subset of X and () # H = Ls
FUCHA Ls £71(C2) C £ (Ls O 1 f ) (Ls €2) = £~ (Ls CANLSC2) = f~1(K) C
f~YU). So, H is R'-set. If X is hereditarily unicoherent, then H is connected. There-
fore, H is an R'-continuum. So, X is not contractible. v

Proposition 2.16. Let X and Y be continua and let f : X — Y be a monotone mapping.
IfY contains a proper subcontinuum K, an open subset U of Y and a sequence {C), }nen
of components of U such that K =Li C,, CU and H =Li f~1(C,) # 0, then X has an
R3—set. If X is hereditarily unicoherent, then H is an R>—continuum. Therefore, X is
not contractible.

Vol. 39, No. 1, 2021]



12 J. G. ANAYA, F. CAPULIN & M. SANCHEZ-GARRIDO

Proof. Since f is a mapping, f~1(U) is an open subset of X. Because C,, is a component
of U and f is a monotone mapping, by Lemma 2.13, f~1(C,,) is a component of f~1(U).
Hence, {f~1(Cp)}nen is a sequence of components of f~1(U).

Notice that H =Li f~1(C,) C f~Y(Li C,,) = f~1(K) C f~1(U). Thus, H is an R3-set.
If X is hereditarily unicoherent and since () # H =Lif~!(C,) = Li f~1(C,), then H is
a subcontinuum of X (see [4, Lemma 1, p.6]). So, H is an R3-continuum. Therefore, X

is not contractible. v

Proposition 2.17. Let X and Y be continua and let f : X — Y be a monotone mapping.
If Y contains a proper subcontinuum K, and an open subset U of Y such that K C U and
two sequences {CL},en and {C%},en of components of U such that K =Lim CIN Lim
C2, Lif 7Y(CL) # 0, Lif 71(C2) # 0 and H =Lim f~Y(CL)N Lim f=1(C2) # 0, then X
has an R?>—set. If X is hereditarily unicoherent, X has an R?—continuum. Therefore,
X is not contractible.

Proof. Since K is an R?—set of Y, K is an R'—continuum of Y. By Proposition 2.15,
H is an R'—continuum of X. Therefore, X contains an R?—set. %]

In particular, if X and Y are dendroids fulfilling the conditions of propositions 2.15, 2.16
and 2.17, then X is not contractible.

Example 2.18. Containing an R'— continuum for i € {1,2,3} is not coinvariant under
light weakly confluent and freely decomposable mappings between dendroids.

Proof. First, we define the following points: o = (0,0), p = (1,0), ¢ = (2,0) and r =

(3,0). Foreachn € N, put p,, = (1,2), p, = (1,—2), r,, = (3,2). Let X =oruU U op, U
neN

U qr, and let Y = oq U U 0pn, U U qp,,. We now consider the decomposition of X,

neN neN neN
whose nondegenerate elements are obtained by identifying in a point, the symmetric

points with respect to the point ¢ into the arc pr. Then, Y is homeomorphic to the
image of the quotient mapping f defined under this identification.

Notice that f is a light weakly confluent and freely decomposable mapping, X contains no
R'—continuum (X is contractible) and {p} C Y is an R’—continuum, for each i € {1,2,3}

(Y is not contractible). v
X Y
Pn Pn Pn
/ q
—
0 P q r 0
P
Figure 10.
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Example 2.19. Containing an R'— continuum for i € {1,2,3} is not coinvariant under
almost monotone mapping between fans.

Proof. We consider the fans X” and f(X”) = Y, and the mapping described in [6,
Example 13.7, p.70]. Observe that f is almost monotone, also is a strongly freely decom-
posable mapping, X does not contain an R‘—continuum and the subset {p'} of Y is an
R!—continuum, for each i € {1,2,3}. v

Then, non contractibility is not coinvariant under almost monotone and strongly freely
decomposable mappings between fans.

Example 2.20. Containing an R'—continuum for i € {1,2,3} is not coinvariant under
light freely decomposable mappings between fans.

Proof. We define the points 0o = (0,0), p = (—1,0), ¢ = (1,0), and for each n € N,
Pn = (_17_%) and ¢, = (17 %) Let X =pqu U (WU@)
neN

Let 0 < & < 4ameterX) - Consider r € op and s € og such that d(o, r) =d(s,0) = §. Now

we identify each point x with its symmetric point respect to r if x € ro and if = € os, we
identify x with its symmetric point respect to s. The mapping f is the quotient mapping
under this identification, f(X) is homeomorphic to the fan Y in Figure 11.

It is not difficult to see that f is light freely decomposable but not strongly freely de-

composable mapping. ]
X qn Y
f
p. T >» T
0 s q g i :
p"L
Figure 11.

Therefore, non contractibility is not coinvariant under light freely decomposable between
fans.

3. Zig-zag, Type N, Q—points, pairwise smooth, and mappings.

The characterization given in Theorem 1.1 describes three possible reasons for non con-
tractibility of a fan:

a) being of type N (in particular containing a zig-zag),

b) containing a @Q—point, and
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¢) being not pairwise smooth.

In this sense, J. J. Charatonik, W. J. Charatonik, and S. Miklos asked the following
questions in [6]:

Question 3.1 (Question 13.5). Is the property of not containing a) a Q—point, b) a
zig-zag, invariant under a) light open, b) open, ¢) light confluent mappings?

Question 3.2 (Question 13.19). Does there exist an open (or even light open) mapping
from a fan containing a) a @-point, b) a zig-zag, onto a fan that contains neither a
(Q—point nor a zig-zag?

Question 3.3 (Question 13.11). Is contractibility of fans invariant under light open or
under open mappings?

Question 3.4 (Question 13.9). Is the property of being a pairwise smooth fan, invariant
under light open or open mappings?

Question 3.5 (Question 13.20). Does there exist an open (or even a light open) mapping
from a not pairwise smooth fan onto a fan that is pairwise smooth (contractible)?

We will give some partial answers to these questions. Additionally, we discuss these
questions considering the families of strongly freely decomposable, freely decomposable,
weakly confluent, almost monotone, and quasi monotone mappings. The following result
is known: The property of not containing QQ—point or a zig-zag is not invariant under
monotone mappings (see [6, Example 13.3, p.68]). As a corollary, contractibility between
fans under monotone mapping is not invariant (see [6, Corollary 13.4, p.69]).

The property of containing a Q—point and a zig-zag is not invariant under monotone
mappings (see [6, Example 13.15, p.74]). Therefore, noncontractibility between fans
under monotone mapping is not invariant (see [6, Corollary 13.16, p.74]).

Neither the existence of @-point nor the existence of a zig-zag is invariant under open
mappings of a fan onto an arc (see [6, Corollary 13.18, p.74]).

Neither the existence of (Q—point nor the existence of a zig-zag is invariant under nonlight
open mappings between fans (see [6, Corollary 13.18, p.74]).

The property of not being pairwise smooth is not invariant under monotone mappings
between fans (see [6, Example 13.17, p.74]).

The property of being pairwise smooth is not invariant under monotone mappings be-
tween fans (see [6, Example 13.6, p.70]).

The property of being pairwise smooth is not invariant under light confluent mappings
between fans (see [6, Example 13.7, p.70]). As a corollary, contractibility between fans
under light confluent mapping is not invariant (see [6, Corollary 13.8, p.72]).

Hereditarily contractibility is invariant under confluent mappings and coinvariant under
light confluent mappings (see [6, Theorem 13.13, p.73]).

In this part, we discuss our answers regarding questions 3.1 and 3.2 and Q—points. Let
X be a topological space and let L(X) be the set of all points at which X is locally
connected. The following proposition is known.
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Proposition 3.6. If a mapping f : X — Y is open, then f(L(X)) C L(f(X)).

It is easy to see from the definition of (Q—point that if X is locally connected at a point
p, then p is not a Q—point.

The following theorem is known.

Theorem 3.7 ([3, Theorem 2.2, p.87]). Let X be a dendroid. Suppose that X is locally
connected at each point of the closure of the set of ramification points of X. Then X does
not have Q-points.

Theorem 3.8. Let X and Y be fans such that X is locally connected at its vertex. Let
f: X =Y be a light confluent mapping, then Y is locally connected at its vertex.

Proof. Since f : X — Y is a light confluent mapping, by [6, Corollary 4.13, p.18],
f71(v") = {v} where v is the vertex of X and v’ is the vertex of Y. By Proposition 3.6,
Y is locally connected in v’. ]

As a consequence, we have to light open mappings and QQ—points the following result.

Corollary 3.9. If f : X — Y be a light and open mapping and X and Y are fans such
that X is locally connected at its vertex, then Y does not contain (Q—points.

Recall that a topological space X is said to be planable provided there is a homeomor-
phism of X into the Euclidean plane. Besides, we can see that planability of fans is
invariant under light open mapping if the domain is locally connected at its vertex. So,
we respond partially to [6, Question 10.4, p.45].

In relation to questions 3.1 and 3.2 and zig-zags, we have the following results: the
fan X used in Example 3.10 to shows that the property of not containing a zig-zag is
not invariant under light confluent and almost monotone mapping between fans and the
property of not containing a zig-zag is not invariant under light open and quasi monotone
mapping between fans.

Example 3.10. Not containing a zig-zag is not invariant under light confluent and almost
monotone mapping between fans.

Proof. Now, consider the following points in cylindrical coordinates in R3. Let p =

_ (13 /I _ (15 _ 1 _ (1 3% 1 I
(07070)7 ag = (57%70)7 ag = (5)%70)7 Ap = (%7—172%70) ag,m = (57%7%)7 a07m -
1 57 1 _ (1 5w 1 | 1 _
(53 Tﬂ—, E), Poom = (va ?ﬂ—; E)? pO,m - (W?Tra E)? and for every n,m € N, let Up,m =

(w%l(l + %),2%,0), DPrm = (ﬁ,ﬁ%ﬁ). Consider T' = UMUMUM. For
neN

!/ —_ / / / _
each m € N, put pa,, = ag,,, 06 m U Py,m@0,m U @0,mPo,m U Po,ma1,m U U Gy mPr,m U
neN

Pn,mOn+1,m U {p}
Notice that the sequence of arcs {pa,,}men converges to the continuum 7. So, X =

TU( U pa.,) is a countable fan with vertex p. The fan X is homeomorphic to the plane

meN
fan X' in Figure 12. Moreover, X' is a rotation about 90° with respect to the fan X.
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Now, we define an equivalence relation in X: let z,y € X, x ~ y if and only if either
x ¢ pag Upaj and y = x or x € pag, y € pay and ||z|| = ||y||.

Consider Z = X/ ~. Then, Z is homeomorphic to the fan Z’ in Figure 13. Notice that
X contains no zig-zag, Z contains a zig-zag and the quotient mapping is light confluent,
and quasi monotone. We observe that X and Z are not contractible, because X has a
@Q—point and Z has a @—point and zig-zags. ]

A

Figure 12. X’

A

Figure 13. 7’

%

Figure 14. W’
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Example 3.11. Not containing a zig-zag is not invariant under light open and quasi
monotone mapping between fans.

Proof. Consider the fan X in Example 3.10 with the same notation. Let f : X \ (pag U
pay) — R3 be the mapping defined by f((r,0,2)) = (r,—0,—z). Put W = X U f(X \
(pao U pag)). Then, W is a countable plane fan with vertex p which is homeomorphic
to the plane fan W’ in Figure 14. Now, we define an equivalence relation in W: let
x,y € W, x ~ y if and only if either y = f(z) or € pag, y € pag and ||z|| = ||y]].

The quotient space Z is homeomorphic to the fan Z’ in Figure 13. The fan W does not
contain a zig-zag, but it has a Q—point. Therefore, it is not contractible and Z contains
zig-zags and a Q—point (it is not contractible) and the quotient mapping is light open,
and quasi monotone. v

Example 3.12. Containing a zig-zag is not coinvariant under freely decomposable, weakly
confluent and light mappings between dendroids.

Proof. To describe the dendroid X, we consider the following points in the plane; o =
(0,0), p=(1,0) and ¢ = (1,—1). For each n € N, let p, = (1, 1) and ¢, = (1 4+ 1,-1).
Put X =opUpgU | opn U | 7.

neN neN
Now, we identify the point (z,0) with the point (1, —1+x). Let f : X — f(X) the quotient
mapping under this identification. Notice that X is contractible, f(X) is homeomorphic
to the dendroid Y in Figure 15, Y contains a zig-zag and the quotient mapping is light

freely decomposable and weakly confluent. v
Pn
X Y
f
—
0 i3
q an
Figure 15.

Example 3.13. Containing a zig-zag and Q—points is not coinvariant under light freely
decomposable mappings between fans.

Proof. We consider the spaces X and Y and the mapping f of Example 2.20. The fan Y
contains a zig-zag and its vertex is a Q—point, X is contractible and f is a light freely
decomposable mapping. ]

Example 3.14. Containing a zig-zag and Q—points is not coinvariant under light weakly
confluent and freely decomposable mappings between fans.
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Proof. We consider a fan Y’ homeomorphic to the fan Y in Example 2.5 and the armonic
fan X’ =opU U 0pn, where o = (0,0), p = (1,0), p, = (1, %) for each n € N. Now,

neN
we define the following decomposition of X. Let m be the middle point of the arc

op. The non degenerate elements of this decomposition are obtained by identifying in a
point each pair of symmetric points respect to the point m in the arc op. The mapping
f: X' — f(X’) =Y is the quotient mapping under this decomposition. Note that X is
contractible, Y contains a Q—point and a zig-zag and f is a light weakly confluent and
freely decomposable mapping. v

Let X be a continuum. The hyperspace 2% is defined as the family of nonempty closed
subset of X, C(X) is defined as the family of continua of X and Fy(X) is the family
of singletons of X, all endowed with the Hausdorff metric (see [10, p.53]. Observe that
Fi(X) CcC(X) c2X.

The following result is well known.

Theorem 3.15 ([11, Theorem 16.39]). If X is a continuum such that 2% (or C(X)) is
contractible and if Y is a continuum which is an open image of X, then 2¥ and C(Y)
are contractible.

Concerning Question 3.3, we have the following.

Corollary 3.16. Let X be a contractible continuum. If f : X — Y is an onto open
mapping and Fy(Y) is a retract of 2¥ (C(X)), then Y is contractible.

Proof. Since X is contractible, by [11, Corollary 16.8], 2%X and C(X) are each con-
tractible. By Theorem 3.15, 2¥ and C(Y) are contractible. Then Y is contractible,
because Fy(Y) is a retract of 2¥ (C(Y')) and retracts preserve contractibility. 4

To end this section, for pairwise smooth, we have the following two examples.

Example 3.17. There exists a light confluent and almost monotone mapping from a non-
pairwise smooth fan onto a pairwise smooth fan.

Proof. Consider the fans X, Y and the mapping f of Example 2.2. The fan X is non-
pairwise smooth, Y is pairwise smooth and the mapping f is light confluent and almost
monotone. Unfortunately, Y is not contractible, because Y has a zig-zag and a (Q—point.

v

Example 3.18. There exists a light open and quasi monotone mapping from a mnon-
pairwise smooth fan onto a pairwise smooth fan.

Proof. Consider the fans X, Y and the mapping f of Example 2.5. The fan X is not
pairwise smooth, the fan Y is pairwise smooth and the mapping f is light open and
quasi monotone. Unfortunately, Y is not contractible, because Y has a zig-zag and a

@Q—point. v

The following questions are still open.
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Question 3.19. Does there exist a confluent (or even a light confluent) mapping from a
non pairwise smooth fan onto a fan which is contractible?

Question 3.20. Does there exist an open (or even a light open) mapping from a non
pairwise smooth fan onto a fan which is contractible?

4. Set function T, contractibility and mappings

Another concept related to contractibility is the set function T. We recall the definition.

Let X be a continuum, the power set of X is defined and denoted by P(X)={A: AC
X}. The Jones’s set function T : P(X) — P(X) is defined by T'(A) = {x € X: for each
subcontinuum K of X such that z € int(K), K N A # 0} for each A € P(X).

On the other hand, a continuum X is said to satisfy the condition () provided that there
are two closed subsets H and K of X such that

TH)NT(K)#0, HNT(K)=0and T(H)N K = 0.

The following theorem gives a relationship between the set function 7" and contractibility.

Theorem 4.1 ([1, Corollary 1, p.48]). If X is a continuum satisfying condition (x), then
X is not contractible.

To prove the following theorem we need the next proposition given in [9, Corollary 3.1.64,
p.167].

Proposition 4.2. Let X and Y be continua and let f : X — Y be a monotone open
mapping. If C' a subset of Y, then f~1(T(C)) =T(f~(C)).

It is possible to extend the previous result for open almost monotone mappings.

Proposition 4.3. Let X and Y be continua and let f : X — Y be an open almost
monotone mapping. If C a subset of Y, then f~Y(T(C)) =T(f~1(C)).

The following theorem proves that condition () is coinvariant under open almost mono-
tone mappings between continua (dendroids).

Theorem 4.4. Let f: X — Y be an open almost monotone mapping between continua.
If Y satisfies condition (x), then X satisfies the condition (x). Therefore, X is not
contractible.

Proof. Let A and B be closed subsets of Y satisfying (x). If z € T(4) N T(B), then
f7Hz) € fFHTA) NT(B) = f~HT(A) N fHT(B)) = T(f~1(A) NT(f~(B)).
Therefore, T(f~1(A)) NT(f~1(B)) # 0.

We can see that f~1(A)NT(f~1(B)) = 0. Otherwise, if f~1(A)NT(f~1(B)) # 0, would
exist w € f71(A)NT(f~Y(B)). Then, f(w) € A and w € T(f~1(B)) = f~Y(T(B)),
thus f(w) € T(B). So, ANT(B) # 0, a contradiction. Analogously, we prove that
fHB)NT(7(A4) = 0.

So, H = f~1(A) and K = f~1(B) fulfil condition (). v
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Since every monotone mapping is almost monotone, we have the following result.

Corollary 4.5. Let f : X — Y be an open monotone mapping between continua. IfY
satisfies the condition (x), then X satisfies the condition (x). Thus, X is not contractible.

Corollary 4.6. Let f : X — Y be an open hereditarily freely decomposable mapping
between continua. If Y is a hereditarily decomposable continuum fulfilling the condition
(%), then X satisfies the condition (x). Therefore, X is not contractible.

Proof. Since Y is a hereditarily decomposable continuum and f is a hereditarily freely
decomposable mapping, by [2, Theorem 5.4], f is a monotone mapping. By Theorem
4.4, X satisfies the condition (x). So, X is not contractible. v

Example 4.7. There is a map f : X — Y between dendroids such that f is monotone
and not open, Y satisfies the condition (x) and X is contractible.

Proof. We consider X and Y as in Example 2.11. Observe that f is a monotone mapping
and it is not open. Notice that the closed subsets {p} and {¢} of Y satisfy the condition
(). However, X is contractible. Therefore, we need that the mapping f must be open
in the Corollary 4.5. %]

We don’t know if there are dendroids X and Y, and an open mapping non-monotone
between them such that Y satisfies the condition (x) and X does not (or X contractible).
Moreover, X is contractible.

Example 4.8. Condition (x) is not coinvariant between dendroids under light weakly
confluent and freely decomposable mappings.

Proof. Example 2.18 shows a light weakly confluent and freely decomposable mapping f
between dendroids X and Y such that the closed subsets {0} and {q} of the continuum
Y satisfy the condition (x) and X does not satisfy the condition (). Moreover, X is
contractible. T4

Example 4.9. Condition (x) is not coinvariant between fans under light freely decompos-
able mappings.

Proof. Example 2.20 shows a light freely decomposable mapping f : X — Y between
fans such that the subsets {f(r)} and {f(s)} of the continuum Y satisfies the condition
(*) and X does not. v

The following examples show that the condition (%) is not invariant under the following
kind of mappings: light open and quasi monotone; light confluent and strongly freely
decomposable, and monotone.

Example 4.10. Condition (x) is not invariant under light confluent and strongly freely
decomposable mappings between fans.
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Proof. Example 2.2 shows a light confluent and strongly freely decomposable mapping
f between fans X and Y such that the closed subsets {r} and {s} of the continuum
X satisfy the condition (x) while Y does not satisfy the condition (x), but Y is not
contractible. ]

Example 4.11. Condition () is not invariant under light open and quasi monotone
mappings between fans.

Proof. Example 2.5 shows a light open and quasi monotone mapping f between fans X
and Y such that the closed subsets {r} and {s} of the continuum X satisfy the condition
(*) but Y does not. However, Y is not contractible. v

Example 4.12. The condition (x) is not invariant under monotone mappings between
fans.

Proof. Consider the fans X and Y given in Figure 4, and the decomposition of X whose
only nondegenerate element is the arc ab. So, f : X — Y is the quotient mapping under
this decomposition. Notice that f is a monotone mapping and the closed subsets {a}
and {b} satisfy the condition (%) while Y is contractible.

Figure 16.
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